Several new multistep formulae of orders up to 9 for solving stiff ordinary differential equations are presented.
1. Introduction. In recent papers, Gupta and Wallace (1975) and Wallace and Gupta (1973) , the authors have presented several new linear multistep methods (formulae) for the solution of stiff differential equations. In this paper more new multistep formulae are presented. Results of numerical testing of these formulae and those presented in previous papers, using a subroutine similar to DIFSUB of Gear (1971) , are included.
We will be using a polynomial representation of the linear multistep methods.
Each multistep method of order m can be represented by a corresponding polynomial C(x) of degree m. We have called this the 'modifier polynomial' of the method. This representation was discussed in detail in Wallace and Gupta (1973) , where we also show the relation between the coefficients of C(x) and the coefficients {a¿} and {0(} of the conventional representation of multistep methods.
For each of the formulae we study, we will present its truncation error coefficient Km + l and the stability parameters D and a. The local truncation error introduced in the nth step of numerical integration is given by Km + 1hm + 1y(-m + 1\xn) + 0(hm + 2) for a method of order m, using a step-size of h (assumed constant). The differential equation being solved is y'=f(x,y), y(0)=yo.
Figure 1
The shaded portion is the A(a, 7))-stability region 2. Formalism. Assuming the step-size to be fixed, as is done in this paper, we define xn = nh and yn to be the approximate solution at xn. Also fn -f(xn, yn).
For an w-step method, we suppose that the solution after the step to xn_1 is approximated by a polynomial Pn_1(x) of degree m, with Pn_1(xn_1) = yn-\ • To advance the solution from xn_1 to xn, we obtain a new degree m approximating polynomial Pn(x) from the previous polynomial Pn_1(x) by the relation Pn(x) = Pn_1(x) + 8nC((x-xn)lh), where C is a fixed polynomial of degree m characteristic of the particular m-step method employed and bn is chosen on each step to satisfy P"(x") = f(xn, Pn(x")).
The above formalism differs slightly from that of Wallace and Gupta (1973) in that the present formalism defines the polynomial C to be independent of !:■ It was shown in Wallace and Gupta (1973) that the method of solution described above o exactly equivalent to the classical w-step method. Any method which can be described in the formalism of Henrici (1962) , which is consistent and of order m, can be described in our formalism by suitable choice of C.
In modifying Pn_1(x) by the addition of some multiple of C((x -xn)/h) to produce Pn(x), we would normally hope to produce a Pn(x) which retained as much information as possible about the behavior of the function y for x < xn_1. We, therefore, expect that the correction unC((x ~ xn)/h) will in some sense be close to zero for x < xn_t, at least in the range xn_m < x < xn_1. Equivalently, we expect the polynomial C(x) to be in some sense small for x < -1, at least in the range -m < x < -1. For instance, in our formalism, the Adams-Moulton formula of order m has C(-1) = 0, C'(-k) = 0, k=\,2,...,m-l;
and the stiff formula of Gear (1969) has C(-k) = 0, k= 1,2, . . . ,m.
Our search for new formulae has been directed towards other ways of choosing C to approximate zero for values of x < -1. In Wallace and Gupta (1973), we chose C to have small values in this range in an exponentially-weighted least squares sense and also in an absolute magnitude sense. We now present further methods choosing C to be small in absolute magnitude and also methods which choose C to make C' approximate zero in one or the other sense.
3. New Formulae. We present five sets of formulae, two of them based on exponentially-weighted least squares approximation and the other three based on
Chebyshev approximation. Our aims in investigating new formulae are that we seek formulae with stability as close to yl-stability as possible, with small truncation error coefficients and as high an order as possible. and v = 0.6. We label them FMPD50 and FMPD60 because these polynomials (or rather their dérivâtes) are called 'Fading Memory Polynomials' by Morrison (1969) , who also discusses how to derive them. The details of the stability and truncation error of these formulae are presented in Table 1. 3.2. Chebyshev Approximation Formulae. In Wallace and Gupta (1973), we presented a set of formulae based on a Chebyshev approximation to y = 0 on the range (-B, 0), where B is some suitably chosen positive real x-value. These formulae are almost A -stable up to order 6 (label them CHEB1) but the truncation error coefficients of these formulae are quite large. It was therefore thought to be worthwhile to investigate Chebyshev polynomials approximating y = 0 on ranges (-B, -1) and (-5,-0.5).
Three sets of formulae are presented. The first set provides a Chebyshev approximation to y = 0 on the range (-5,-1 ). These formulae do not have very good stability and are included only because their truncation errors are quite small.
We label these formulae as CHEB2. The next set provides an approximation on the range (-B, -0.5) and is labelled CHEB3. The third set is such that the corresponding modifier polynomial has a zero at x = -1 and its derivative provides a Chebyshev approximation on the range (-B, -0.5). We label this last set as CHEB4. Various other formulae have been studied, and the ones which we are presenting here were thought to be more useful. Table 1 Truncation error coefficients and stability parameters for formulae FMPD50 and Table 2 Details of Chebyshev approximation formulae CHEBl and CHEB3
The details of the truncation error and stability of formulae CHEBl, CHEB2, CHEB3 and CHEB4 are presented in Tables 2 and 3 . The details of CHEBl are included to emphasize that ^4(a)-stable formulae for almost all values of a G [0,7t/2) do exist for orders up to 6. The coefficients of these formulae are not presented since these are easy to obtain. (Formulae of order 2 are not included because these turned out to be the trapezoidal rule.) 3.3. For the sake of comparison, in Appendix A we include the details of the truncation error and stability of the stiff formulae used by Gear. Table 3 Details of Chebyshev approximation formulae CHEB2 and CHEB4 Table 4 Coefficients of formulae FMPD50 Modifier polynomial C(x) = V¡L0c¡xl, c1 = -1.0 Also, at the suggestion of the referee, we present in Appendix B the coefficients of the conventional representation of the formulae CHEBl, CHEB2, CHEB3, CHEB4, Kutta formulae, a variable-order method based on the second derivative multistep formulae developed by Enright (1974) and a fourth-order method based on the trapezoidal rule with extrapolation developed by Lindberg (1971) . The main conclusion of this study is that generally the methods based on Runge-Kutta formulae are unreliable (except for solving linear problems). Also the modified subroutine DIFSUB has been found to be efficient on all problems except when some of the eigenvalues of the Jacobian are close to the imaginary axis. This leads us to believe that if the stiff multistep formulae used in DIFSUB were replaced by some other multistep formulae of higher order and better stability, the resulting subroutine may be significantly better than the other available methods. Table 5 Coefficients of formulae FMPD60
Modifier polynomial C(x) of degree m = X"L0c¡x', Cj = -1.0
Our aim in testing was to compare the several new multistep formulae we have developed with the stiff formulae used by Gear in DIFSUB (1971). Our testing is not very extensive; in fact, we have tested the formulae on only one test problem while Enright et al. (1975) have used several test problems. We can, therefore, expect only limited information from the testing.
The formulae tested are discussed in Section 4.2 and the algorithm used is discussed in 4.3. In Section 4.4, we present the test problem and the test results.
4.2. Formulae. The following sets of multistep formulae were tested. For each set we give the maximum order and the stability parameter a. A value of a for a set is the maximum value of a such that all the formulae in that set are stable within the wedge ± a in the /zA-plane. Details of the individual formulae are given in the corresponding references. 
Algorithm. The algorithm being used is a modified version of DIFSUB of
Gear. The following changes were incorporated. We assume that the reader is familiar with DIFSUB of Gear (1971) . at orders p,p -1 and p + 1, respectively. (b) In DIFSUB if the step increase is less than 10%, then the step is not changed. We allow step change if the change is more than 2.5%.
(c) Necessary changes to allow higher-order formulae.
These changes may seem arbitrary. The aim was to change the algorithm so that it will tend to go to as high an order as possible. The results of the numerical testing are presented in Tables 6 to 9 . We have tabulated the number of steps (NS), the number of function evaluations (NF), the number of Jacobian evaluations (NJ), the step-size at exit (HE) and the order of the Table 9 (Eigenvalues -10 ± 100/) method being used at exit (OE). The last two parameters, HE and OE, are generally not compared, but in our opinion they provide very useful information. Comparing HE, we can get some idea of how various formulae would have performed had the integration interval been larger. Comparing OE, we can see how the variable order algorithm is working for the various formulae.
We do not include details about the errors in the numerical solution for all test cases. In Table 10 we do, however, give the ratio of the maximum relative error in the numerical solution to the required error (EPS) for eigenvalues -50 ± 50/.
5. Concluding Remarks. (1) FLS seems to be one of the better formulae. In most cases it is better than the rest of the formulae, and for eigenvalues -10 ± 50/ and -10 ± 100/ the degradation in its performance is not too bad.
(2) The algorithm seems to have suited some formulae more than others, and it would be expected that the performance of at least some formulae could be substantially improved by 'tuning' the algorithm to the formulae. Also, the algorithm Table 10 Ratio of the maximum relative error to EPS for eigenvalues -50 ± 50/ definitely needs modification if it is to be used with high-order formulae (order > 8).
This is very well demonstrated by the performance of FMPD60 at EPS = 10~3 and 10_s (X = -10 ± 100/) and of FMP25 at EPS = 10~3 (X = -10 ± 50/), among others. The poor performance of these two formulae at the cases referred to was due to corruption of the derivatives of the approximating polynomial when the stepsize had to be reduced. Also when higher-order formulae are being used, the stepchange takes place less frequently since at least m + 1 steps (for order m) must be taken between two step-size changes.
(3) Krogh (1973) has remarked that the importance of A -stability in practical computation is doubtful. To find whether requirements similar to A -stability are useful, we thought of comparing CHEBl and FLS. CHEBl are almost .¿-stable while FLS have the stability parameter a = 63.5 for the 8th-order formula. Both the formulae were tested for eigenvalues -10 ± 0/, -10 ± 25/, -10 ± 50/ and -10 ± 100/ (for EPS = 10~7). The numbers of steps required by FLS were 241, 367, 789 and 1568, respectively. CHEBl needed 563, 783, 1127 and 1707 steps for these eigenvalues, respectively. The ratio of the number of steps at -10 ±100/ to the number of steps at -10 ± 0/ comes out to be 6.5 for FLS and 3.03 for CHEBl. The ratio comes out to be more than 10 for stiff formulae used by Gear. This shows the usefulness of A -stability or a similar requirement.
(4) Many of the new formulae presented in this paper have performed much better than the stiff methods used in DIFSUB when the eigenvalues of the Jacobian are close to the imaginary axis. Further investigation is required, and suitable algorithm(s) are being designed for these new formulae. 
